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GENERIC BEHAVIOR OF A MEASURE PRESERVING
TRANSFORMATION
MAHMOOD ETEDADIALIABADI
Abstract. Del Junco–Leman´czyk [3] showed that a generic measure preserv-
ing transformation satisfies a certain orthogonality conditions. More precisely,
there is a dense Gδ subset of measure preserving transformations such that
for every T ∈ G and k(1), k(2), . . . , k(l) ∈ Z+, k′(1), k′(2), . . . , k′(l′) ∈ Z+, the
convolutions
σ
Tk(1)
∗ · · · ∗ σ
Tk(l)
and σ
Tk
′(1) ∗ · · · ∗ σTk′(l′)
are mutually singular, provided that (k(1), k(2), . . . , k(l)) is not a rearrange-
ment of (k′(1), k′(2), . . . , k′(l′)). We will introduce an analogous orthogonality
conditions for continuous unitary representations of L0(µ, T) which we denote
by DL–condition. We connect the DL–condition with a result of Solecki [12]
which states that every continuous unitary representations of L0(µ,T) is a di-
rect sum of action by pointwise multiplication on measure spaces (X|κ|, λκ)
where κ is an increasing finite sequence of non-zero integers. In particular,
we show that the “probabilistic” DL-condition translates to “deterministic”
orthogonality conditions on the measures λκ.
1. Introduction
The main spectral property of a generic T ∈ Aut(X,µ) is given by Del Junco–
Leman´czyk [3] where Aut(X,µ) is the set of all measure preserving transformations
on a Borel measure space (X,µ). They proved that for a generic T ∈ Aut(X,µ), for
every k(1), k(2), . . . , k(l) ∈ Z+ and k′(1), k′(2), . . . , k′(l′) ∈ Z+, the convolutions
σTk(1) ∗ · · · ∗ σTk(l) and σTk′(1) ∗ · · · ∗ σTk′(l′)
where σTk is the maximal spectral type of T
k, are mutually singular, provided
that (k(1), . . . , k(l)) is not a rearrangement of (k′(1), . . . , k′(l′)). Earlier, Katok [5],
Stepin [13], Choksi and Nadkarni [1] proved special cases of the above property
when l = l′ = 1 and when all the powers k(i), k′(j), are equal to 1.
By analogy with the above Del Junco–Leman´czyk [3] statement, we define an
orthogonality condition for a continuous unitary representation of L0(µ,T) (we jus-
tify the analogy later in the introduction). Here L0(µ,T) is the set of all measurable
functions from (X,µ) to the unit circle. We say a continuous unitary representation
of L0(µ,T),
Φ : L0(µ,T)→ U(H)
1
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satisfies the DL-condition if for a generic Borel measurable function f ∈ L0(µ,T),
for every k(1), . . . , k(l) ∈ Z+, k′(1), . . . , k′(l′) ∈ Z+, the convolutions
σΦ(f)k(1) ∗ · · · ∗ σΦ(f)k(l) and σΦ(f)k′(1) ∗ · · · ∗ σΦ(f)k′(l′)
are mutually singular, provided that (k(1), . . . , k(l)) is not a rearrangement of
(k′(1), . . . , k′(l′)).
This raises the natural question of characterizing unitary representations of
L0(µ,T) that satisfy the DL-condition. Our aim is to give such a characteriza-
tion in terms of the objects appearing in the following result of Solecki [12]. Solecki
[12, Theorem 2.1] showed that every continuous unitary representation of L0(µ,T)
is a direct sum of action by pointwise multiplication on measure spaces (X |κ|, λκ)
where κ is an increasing finite sequence of non-zero integers and λκ is a finite mea-
sure on X |κ| whose marginal measures are absolutely continuous with respect to
µ.
In this paper, we characterize unitary representations of L0(µ,T) that satisfy
the DL-condition in terms of orthogonality conditions on the measures λκ. We
show that a unitary representation of L0(X,µ,T), Φ =
⊕
σ(κ, λκ), satisfies the
DL-condition if and only if we have (see Definition 2.1 and Definition 2.2)
(1.1) λκ1 × λκ2 × · · · × λκl ⊥ r(λκ′1 × λκ′2 × · · · × λκ′l′ )
for every (κ1, κ2, . . . , κl), (κ
′
1, κ
′
2, . . . , κ
′
l′), and r ∈ St where St is the permutation
group of {1, 2, . . . , t}, such that
k(1)κ1 + k(2)κ2 + · · ·+ k(l)κl = r
(
k′(1)κ′1 + k
′(2)κ′2 + · · ·+ k
′(l′)κ′l′
)
for some non-zero integers (k(1), k(2), . . . , k(l)) and (k′(1), k′(2), . . . , k′(l′)), pro-
vided that one is not a rearrangement of the other. Note that this equivalence
translates the “probabilistic” statement of the DL-condition to a “deterministic”
condition on the measures λκ.
Now we give justification for the above analogy. There is a question by Glasner
and Weiss which asks is it true that for a generic T ∈ Aut(X,µ)
〈T 〉 ∼= L0(µ,T)?
In fact, they seem to hint that the answer is positive.
There is evidence to support the suggestion by Glasner and Weiss. In the follow-
ing, we mention some of the known results about generic behavior of T ∈ Aut(X,µ)
and state how they support the suggestion by Glasner and Weiss. Mellaray–
Tsankov [9, Theorem 1.4] proved that for a generic measure preserving transforma-
tion T , 〈T 〉 is extremely amenable. Recall that a Polish group is called extremely
amenable if every continuous action of the group on a compact Hausdorff space
has a fixed point. Note that L0(µ,T) is extremely amenable.
Furthermore, Glasner–Weiss [4, Theorem 5.2] proved that for a generic measure
preserving transformation, T ∈ Aut(X,µ), the action of 〈T 〉 on the Borel measure
space (X,µ) is whirly. Recall that an action of a topological group G on a Borel
measure space (X,µ) is whirly if for every Borel subset ofX with a positive measure,
GENERIC BEHAVIOR OF A MEASURE PRESERVING TRANSFORMATION 3
A, and every non-empty open neighborhood of the identity of G, U , µ(UA) = 1.
Note that ergodic actions of L0(µ,T) are whirly [4, Theorem 3.11].
Moreover, Solecki [11, Corollary 2] showed that for a generic measure preserv-
ing transformation, T , 〈T 〉 is a continuous homomorphic image of a closed linear
subspace of L0(λ,R), where λ is the Lebesgue measure on the set of real numbers.
Obviously, L0(λ,T) is a continuous homomorphic image of L0(λ,R) with f → eif .
Finally, Mellaray–Tsankov [9, Theorem 4.4] considered generic behavior of a
unitary operator on a Hilbert space. They showed that in U(H), the unitary group
of a Hilbert space H with the strong topology, for a generic u ∈ U(H)
〈u〉 ∼= L0(µ,T).
Note that Aut(X,µ) is isomorphic to a closed subset of U(L2(X,µ)).
Assuming that
(1.2) 〈T 〉 ∼= L0(µ,T)
for a measure preserving transformation T ∈ Aut(X,µ), we can define a continuous
unitary representation of L0(µ,T) by
Ψ : L0(µ,T) ∼= 〈T 〉 →֒ Aut(X,µ) ⊆ U(L2(X,µ)).
This suggests that properties of measure preserving transformations with (1.2) can
be translated to properties of continuous unitary representations of L0(µ,T).
Furthermore, If a generic T ∈ Aut(X,µ) satisfies (1.2), then by Solecki [11,
Lemma 3]), a generic T ∈ Aut(X,µ) is in the range of a continuous representation
of L0(µ,T) such that the representation satisfies the DL–condition. This property
suggests an approach to answer the question by Glasner and Weiss. In particular,
if one could show that a generic T ∈ Aut(X,µ) is in the range of a continuous
representation of L0(µ,T) with the DL–condition, then this strengthen the sug-
gestion that the answer to the question is positive. On the contrary, if one could
show that for a non-meager T ∈ Aut(X,µ), T is not in the range of a continuous
representation of L0(µ,T) with the DL–condition, then the answer to the question
is negative.
In Section 3, we define a notion of disjointness for a f ∈ L0(µ,T) and we show
that a generic f ∈ L0(µ,T) satisfies this notion of disjointness. In Section 4 and
5, we use the result of Section 3 to prove the equivalence (1.1). In Section 6, we
use the equivalence (1.1) to show that the orthogonality conditions proved by Del
Junco–Leman´czyk [3] also hold for a generic u ∈ U(H), that is, the convolutions
σuk(1) ∗ · · · ∗ σuk(l) and σuk′(1) ∗ · · · ∗ σuk′(l′)
are mutually singular, provided that (k(1), k(2), . . . , k(l)) is not a rearrangement of
(k′(1), k′(2), . . . , k′(l′)).
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2. Preliminaries
In this section, we introduce the notation that we use in the paper. By a stan-
dard Borel measure space (X,µ) we mean a standard Borel space, X , equipped
with a non-atomic Borel probability measure on X , µ. All such spaces are Borel
isomorphic to ([0, 1], λ), where λ is the Lebesgue measure on the Borel subsets of
[0, 1]. We denote by Aut(X,µ), and sometimes just Aut(µ) when X is understood,
the group of Borel automorphisms of X which preserve the measure µ, that is for
every T ∈ Aut(X,µ) and A, a Borel subset of X , A, T (A), and T−1(A) have the
same measure. In which we identify two Borel automorphisms if they coincide µ–
almost everywhere, that is, they coincide on a full measure subset of X . When we
talk about Borel subsets of (X,µ), we usually consider them up to null sets.
There are two fundamental topologies on Aut(X,µ), the weak and the uniform
topology. In this paper, we consider Aut(X,µ) with the weak topology. Denote by
MALGµ the measure algebra of µ, that is, the algebra of Borel subsets of X modulo
null sets. It is a Polish Boolean algebra under the topology given by the complete
metric
d(A,B) = dµ(A,B) = µ(A∆B),
where ∆ is the symmetric difference. The weak topology is the topology generated
by the functions
T 7→ T (A), A ∈ MALGµ.
With the weak topology, which we denote by w, (Aut(X,µ), w) is a Polish topolog-
ical group. A compatible left-invariant metric is given by
δw(S, T ) =
∑
2−nµ(S(An)∆T (An)),
where An is a dense subset of MALGµ. We encourage the reader to view [6] for
more information on the topological group Aut(X,µ).
Let (X,µ) be a standard Borel measure space and G be a topological group.
By L0(X,µ,G), or just L0(µ,G) when X is understood, we denote the topological
group of all µ-equivalence classes of Borel measurable functions on X with values
in G. We consider L0(µ,G) with the pointwise multiplication and the convergence
in measure topology. Furthermore, we assume that the measure µ is non-atomic.
For a tuple κ = (k1, k2, . . . , km) in Z and a function f ∈ L0(µ,G), we define the
function fκ : Xm → G by
(2.1) fκ(x1, x2, . . . , xm) =
m∏
i=1
(f(xi))
ki .
Moreover, for A1, . . . , Ak ⊆ X and f1, . . . , fk ∈ L0(µ,G), we define
f1(A1) · · · fk(Ak) := {f1(x1) · · · fk(xk) : for every x1 ∈ A1, . . . , xk ∈ Ak}
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In this paper, we usually consider L0(µ,T), where T is the unit circle (also denoted
by S1 in the literature). Note that the set of all open subsets of the form
U = {f ∈ L0(µ,T) :
∫
|f − f0|dµ < ǫ}
where ǫ > 0 is a real number and f0 ∈ L0(µ,T), is a basis for the topology on
L0(µ,T).
We denote the set of Borel probability measures on a standard Borel space, X ,
by P(X). Furthermore, Sn denotes the permutation group of {1, 2, . . . , n}.
We introduce the following definitions which will be used to state the main
theorem of Section 4 (Theorem 4.4).
Definition 2.1. Let r ∈ Sn, then r induces three functions, all of which denoted
by the same operator name, r:
(1) a function r : Xn → Xn which sends (x1, . . . , xn) to (xr(1), . . . , xr(n)),
(2) a function r : P(Xn) → P(Xn) which sends µ ∈ P(X) to the measure
obtained by permuting coordinates of Xn with respect to r,
(3) a function r : Zn → Zn which sends the tuple
(
k(1), k(2), . . . , k(n)
)
to(
k
(
r(1)
)
, k
(
r(2)
)
, . . . , k
(
r(n)
))
.
Definition 2.2. Let κ = (k(1), k(2), . . . , k(l)), κ′ = (k′(1), k′(2), . . . , k′(l′)) be two
sequences of integer numbers. We define:
(1) κ+ κ′ = (k(1), k(2), . . . , k(l), k′(1), k′(2), . . . , k′(l′)),
(2) for d ∈ Z, dκ = (dk(1), dk(2), . . . , dk(l)).
For a Polish space X , we say a property, P , holds for comeagerly many x ∈ X or
P holds for a generic x ∈ X if the set of points in X with property P is comeager,
that is, it contains an intersection of countably many dense open subsets of X .
Definition 2.3. Let X,Y be two Polish spaces. We call a map f : X → Y
category preserving if inverse image of a comeager subset of Y is comeager in
X .
Let H be a separable complex Hilbert space. By U(H) we denote the group of
all unitary operators on H . We consider U(H) with the strong topology, that is,
pointwise convergence. This topology coincides with the weak topology on U(H)
defined by
Tk →w T if for all x, y ∈ H, 〈Tk(x), y〉 → 〈T (x), y〉.
Note that U(H) with the strong topology is a Polish group. Let u be a unitary
operator on H and h ∈ H . Then, there exists a unique measure (up to mutual
absolute continuity), σh, on the unit circle, T, such that for every integer number
k
〈uk(h), h〉 =
∫
T
zkdσh.
This measure is known as the spectral measure of the vector h. Let C(h) be the
closure of the set of all finite linear combinations of {uk(h)}∞k=1. Then, there are
{hi}
∞
i=1 in H such that
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(1) C(hi) ⊥ C(hj) for i 6= j and H =
⊕
C(hi),
(2) σhi+1 ≪ σhi for every positive integer number i,
(3) such sequence of measures, {σhi}
∞
i=1, is unique up to mutual absolute con-
tinuity.
The maximal spectral type of u is the largest measure among {σhi}
∞
i=1, that is,
σh1 . Note that the maximal spectral type of u is unique up to mutual absolute
continuity. We denote the maximal spectral type of u by σu. We encourage the
reader to review Cornfeld–Fomin–Sinai [2, appendix 2] for more information on the
maximal spectral type.
3. Generic behavior of a function in L0(µ,T)
Let (X,µ) be a Borel probability measure. If α, β ∈ T are independent over Q,
then non-zero powers of α and β are distinct, that is, for a generic constant function
in L0(µ,T) non-zero powers are distinct. In this section, we show that a similar
property holds for a generic function in L0(µ,T). We use this property to prove
the main theorem in the next section.
We need to introduce the following definitions before stating the main theorem
of this section. In the following definition, we measure correlation (or intersection)
between functions in L0(µ,T).
Definition 3.1. Let µ be a Borel probability measure on a standard Borel space
X , and
(f1, . . . , fm, g1, . . . , gn) ∈ L
0(µ,T)m+n.
We define
ρm,n(f1, . . . , fm, g1, . . . , gn)
= inf{µ(A) : f1(X \A) · · · fm(X \A) ∩ g1(X \A) · · · gn(X \A) = ∅}.
Note that if (f1, . . . , fm, g1, . . . , gn) and (f
′
1, . . . , f
′
m, g
′
1, . . . , g
′
n) represent the
same member of L0(µ,T)m+n, then there exists B ⊆ X such that µ(B) = 0,
fi ↾ (X \B) = f
′
i ↾ (X \B)
for every 1 ≤ i ≤ m, and
gj ↾ (X \B) = g
′
j ↾ (X \B)
for every 1 ≤ j ≤ n. Therefore, the value of
ρm,n(f1, . . . , fm, g1, . . . , gn)
depends only on the class of (f1, . . . , fm, g1, . . . , gn) in L
0(µ,T)m+n.
Furthermore, when
ρm,n(f1, . . . , fm, g1, . . . , gn) = 0,
we use the notation
f1 · · · fm ∩ g1 · · · gn ≈ ∅.
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Lemma 3.2. Let µ be a non-atomic Borel probability measure on a standard Borel
space X , and
(f1, . . . , fm, g1, . . . , gn) ∈ L
0(µ,T)m+n.
If
ρm,n(f1, . . . , fm, g1, . . . , gn) = 0,
then there exists A ⊆ X with µ(A) = 0 such that
f1(X \A) · · · fm(X \A) ∩ g1(X \A) · · · gn(X \A) = ∅.
Proof. If
ρm,n(f1, . . . , fm, g1, . . . , gn) = 0,
then for every natural number k we can find a Borel subset of X , Ak, such that
µ(Ak) ≤
1
2k
and
f1(X \Ak) · · · fm(X \Ak) ∩ g1(X \Ak) · · · gn(X \Ak) = ∅.
Let
A =
∞⋂
i=1
⋃
k≥i
Ak.
Then, µ(A) = 0 and for every x1, . . . , xm, y1, . . . , yn ∈ X \A, there exists a natural
number k such that x1, . . . , xm, y1, . . . , yn ∈ X \Ak. Thus,
f1(X \A) · · · fm(X \A) ∩ g1(X \A) · · · gn(X \A) = ∅.

Theorem 3.3. Let µ be a non-atomic Borel probability measure on a standard
Borel space X. Then, for every m,n ∈ N, and sequences 1 ≤ k1, . . . , kp ≤ m,
1 ≤ l1, . . . , lq ≤ n
E = {(f1, . . . , fm, g1, . . . , gn) ∈ L
0(µ,T)m+n : fk1 · · · fkp ∩ gl1 · · · glq ≈ ∅}
is comeager.
We need the following lemma and proposition to prove Theorem 3.3.
Lemma 3.4. Let µ be a non-atomic Borel probability measure on a standard
Borel space X . Then, for every m,n ∈ N, and sequences 1 ≤ k1, . . . , kp ≤ m,
1 ≤ l1, . . . , lq ≤ n
{(f1, . . . , fm, g1, . . . , gn) ∈ L
0(µ,T)m+n : f1, . . . , fm, g1, . . . , gn are
finite step functions and fk1 · · · fkp ∩ gl1 · · · glq ≈ ∅}
is dense.
Proof. We prove the lemma for (m,n) = (p, q) = (2, 1), k1 = l1 = 1, k2 = 2
and the general statement follows with a similar argument. Set ρ = ρ2,1 and let
(f0, g0, h0) ∈ L0(µ,T)3. We can arbitrarily closely approximate (f0, g0) with (f, g)
where f, g are finite step functions. Since the range of f and the range of g are finite,
f(X)g(X) is finite. Therefore, we can find h so that h is a finite step function, h is
arbitrarily close to h0, and f(X)g(X) ∩ h(X) = ∅. 
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Proposition 3.5. Let µ be a non-atomic Borel probability measure on a standard
Borel space X . Then, for every k,m, n ∈ N, and sequences 1 ≤ k1, . . . , kp ≤ m,
1 ≤ l1, . . . , lq ≤ n
Ek = {(f1, . . . , fm, g1, . . . , gn) ∈ L
0(µ,T)m+n : ρp,q(fk1 , . . . , fkp , gl1 , . . . , glq ) ≥
1
k
}
is NWD.
Proof. We prove the proposition for (m,n) = (p, q) = (2, 1), k1 = l1 = 1, k2 = 2
and the general statement follows with a similar argument. Set ρ = ρ2,1 and let
U ⊆ L0(µ,T)3 be an arbitrary open subset. By Lemma 3.4, we can find finite step
functions (f0, g0, h0) ∈ U such that ρ(f0, g0, h0) = 0. We show that ρ is continuous
at (f0, g0, h0), that is, for every ǫ > 0 there is an open neighborhood of (f0, g0, h0),
Vǫ, such that for every (f, g, h) ∈ Vǫ we have ρ(f, g, h) < ǫ.
Fix ǫ > 0, we define
Vǫ = {(f, g, h) ∈ L
0(µ,T)3 :
∫ (
|f − f0|+ |g − g0|+ |h− h0|
)
dµ < ǫ2}.
Note that Vǫ is an open subset of L
0(µ,T)3 and {V 1
n
}∞n=1 is a basis for open neigh-
borhoods of (f0, g0, h0) in L
0(µ,T)3. For (f, g, h) ∈ Vǫ, we define
A = {x : |f(x)− f0(x)| > ǫ},
B = {x : |g(x)− g0(x)| > ǫ},
C = {x : |h(x)− h0(x)| > ǫ}.
Note that since (f, g, h) ∈ Vǫ,
µ(A ∪B ∪ C) < ǫ.
For x, y, z ∈ X \ (A ∪B ∪ C), assuming ǫ is small enough, we have
|f(x)g(y)− h(z)| ≥ |f0(x)g0(y)− h0(z)| − |h(z)− h0(z)| − |(f(x)− f0(x))g(y)| −
− |f0(x)(g(y) − g0(y))|
≥ |f0(x)g0(y)− h0(z)| − |f(x) − f0(x)| − |g(y)− g0(y)| −
− |h(z)− h0(z)|
≥ |f0(x)g0(y)− h0(z)| − 3ǫ > 0.
Note that since ρ(f0, g0, h0) = 0, f0(x)g0(y) and h0(z) are distinct. Hence, if ǫ is
small enough, then
|f0(x)g0(y)− h0(z)| − 3ǫ > 0.
Therefore,
f
(
X \ (A ∪B ∪C)
)
g
(
X \ (A ∪B ∪ C)
)
∩ h
(
X \ (A ∪B ∪ C)
)
= ∅.
Thus, putting the above equation and the fact that
µ(A ∪B ∪ C) < ǫ
together we get that for every (f, g, h) ∈ Vǫ
ρ(f, g, h) < ǫ.
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Assuming ǫ is small enough, Vǫ ⊆ U since {V 1
n
}∞n=1 is a basis for open neighborhoods
of (f0, g0, h0), and ρ is less than
1
k
on Vǫ. Hence, Ek is not dense in U . Since U is
an arbitrary open subset of L0(µ,T)3, Ek is NWD. 
Proof of Theorem 3.3. Theorem follows from Proposition 3.5 since
Ec =
∞⋃
k=1
Ek. 
It is noteworthy that a similar argument can be repeated to prove the following
generalization of Theorem 3.3 for perfect topological groups. Recall that a topo-
logical space G is perfect if every point g ∈ G is a limit point of G. Note that if
a topological space G is perfect, then every non-empty open subset of G is infinite
(uncountable).
Theorem 3.6. Let µ be a non-atomic Borel probability measure on a standard
Borel space X and G be a perfect topological group. Then, for every m,n ∈ N, and
sequences 1 ≤ k1, . . . , kp ≤ m, 1 ≤ l1, . . . , lq ≤ n
E = {(f1, . . . , fm, g1, . . . , gn) ∈ L
0(µ,G)m+n : fk1 · · · fkp ∩ gl1 · · · glq ≈ ∅}
is comeager.
In the following, we define a notion of disjointness for a function f ∈ L0(µ,T).
Definition 3.7. Let κ = (u1, . . . , ut), κ
′ = (v1, . . . , vt′) be tuples in Z \ {0}, and
R ⊆ St. Recall definition of fκ from (2.1). We say fκ and fκ
′
are almost R-
disjoint if there exists A ⊆ X such that µ(A) = 0 and for all
x1, . . . , xt, y1, . . . , yt′ ∈ X \A
where x1, . . . , xt are pairwise distinct and y1, . . . , yt′ are pairwise distinct, we have
fκ(x1, . . . , xt) = f
κ′(y1, . . . , yt′)⇒ (y1, . . . , yt′) = r(x1, . . . , xt) for some r ∈ R.
Note that if t 6= t′ (or R = ∅), then
fκ(x1, . . . , xt) 6= f
κ′(y1, . . . , yt′)
given that there is no r ∈ St (or r ∈ R) such that
(y1, . . . , yt′) = r(x1, . . . , xt).
In particular, if κ = κ′, we say fκ is almost R-to-one.
Theorem 3.8. Let µ be a non-atomic Borel probability measure on a standard
Borel space X. Let κ = (u1, . . . , ut), κ
′ = (v1, . . . , vt′) be tuples in Z \ {0} and
R = {r ∈ St : (v1, . . . , vt′) = r(u1, . . . , ut)}.
Then, for comeagerly many f ∈ L0(µ,T), fκ and fκ
′
are almost R-disjoint.
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Proof. Let
Ω = {(x,y) ∈ Xt ×Xt
′
: coordinates of x are pairwise distinct and
coordinates of y are pairwise distinct}.
Given x = (x1, . . . , xt) and y = (y1, . . . , yt′) with (x,y) ∈ Ω, there are unique
i = (i1 < · · · < iw) and j = (j1 < · · · < jw) for some natural number w such that
{xi : i ≤ t} ∩ {yj : j ≤ t
′} = {xi1 , . . . , xiw} = {yj1 , . . . , yjw}.
Let r ∈ Sw be the unique permutation such that
(yj1 , . . . , yjw) = r(xi1 , . . . , xiw ),
that is, xik = yjr(k) for every 1 ≤ k ≤ w. Let m(x,y) = (i, j, r). We define
Pi,j,r := {(x,y) ∈ Ω : m(x,y) = (i, j, r)}.
Then,
Ω =
⋃
i,j,r
Pi,j,r.
Since there are finitely many such sets, it is enough to show that given i, j, r, for
comeagerly many f ∈ L0(µ,T) there exists A ⊆ X with µ(A) = 0 such that for all
(x,y) ∈ Pi,j,r where xi, yj ∈ X \A for every 1 ≤ i ≤ t, 1 ≤ j ≤ t′,
if fκ(x1, . . . , xt) = f
κ′(y1, . . . , yt′), then (y1, . . . , yt′) = r(x1, . . . , xt).
Fix i = (i1 < · · · < iw), j = (j1 < · · · < jw), and r. We have
Pi,j,r =
⋃
U1,...,Ut,V1,...,Vt′
{(x,y) ∈
t∏
i=1
Ui ×
t′∏
j=1
Vj : m(x,y) = (i, j, r)},
where Ui, 1 ≤ i ≤ t, Vj , j ∈ {1, . . . , t′} \ {j1, . . . , jw}, are pairwise disjoint basic
open subsets of X and Uik = Vjr(k) for every 1 ≤ k ≤ w. Since there are only
countably many different choices for U1, . . . , Ut, V1, . . . , Vt′ , it is enough to show
that if
C = {(x,y) ∈
t∏
i=1
Ui ×
t′∏
j=1
Vj : m(x,y) = (i, j, r)},
then for comeagerly many f ∈ L0(µ,T) there exists A ⊆ X with µ(A) = 0 such
that for all (x,y) ∈ C where xi, yj ∈ X \A for every 1 ≤ i ≤ t, 1 ≤ j ≤ t′,
if fκ(x1, . . . , xt) = f
κ′(y1, . . . , yt′), then (y1, . . . , yt′) = r(x1, . . . , xt).
Fix C with sequences Ui, 1 ≤ i ≤ t, Vj , 1 ≤ j ≤ t′, as above. We may assume
that Ui, Vj , 1 ≤ i ≤ t, 1 ≤ j ≤ t′, have non-zero measure since otherwise, we can
take A to be the union of all basic open subsets of X with measure 0. In this case,
there is no (x,y) ∈ C with xi, yj ∈ X \A for every 1 ≤ i ≤ t, 1 ≤ j ≤ t
′.
Consider the map
Ψ : L0(µ,T)→
t∏
i=1
L0(Ui,
µ
µ(Ui)
,T)×
t′−w∏
j=1
L0(Vlj ,
µ
µ(Vlj )
,T)
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defined by
Ψ(f) = (f ↾ U1, . . . , f ↾ Ut, f ↾Vl1 , . . . , f ↾ Vlt′−w)
where
{l1, . . . , lt′−w} = {1, . . . , t
′} \ {j1, . . . , jw}.
The map Ψ is open and continuous since for each open subset U ⊆ X with µ(U) > 0,
f → f ↾ U
is open and continuous, and Ui, Vj , 1 ≤ i ≤ t, j ∈ {1, . . . , t′} \ {j1, . . . , jw}, are
pairwise disjoint. Therefore, Ψ is category preserving.
Let
Ψ(f) = (f1, . . . , ft, gl1 , . . . , glt′−w)
and
(x1, . . . , xt, y1, . . . , yt′) ∈ C.
We have
fκ(x1, . . . , xt) = f1(x1)
u1f2(x2)
u2 · · · ft(xt)
ut ,
fκ
′
(y1, . . . , yt′) =
t′−w∏
k=1
glk(ylk)
vlk ·
w∏
k=1
fi
r−1(k)
(xi
r−1(k)
)vjk .
If w 6= t or in the case of w = t, (v1, . . . , vt′) 6= r(u1, u2, . . . , ut), then by Theorem
3.3 and the fact that Ψ is category preserving, for comeagerly many f ∈ L0(µ,T)
(3.1) fu11 f
u2
2 · · · f
ut
t ∩
t′−w∏
k=1
g
vlk
lk
·
w∏
k=1
f
vjk
i
r−1(k)
≈ ∅.
Note that since Ui, 1 ≤ i ≤ t, Vj , 1 ≤ j ≤ t′, have non-zero measures, L0(
µ
µ(Ui)
,T),
1 ≤ i ≤ t, and L0( µ
µ(Vj)
,T), 1 ≤ j ≤ t′, are isomorphic to L0(µ,T) as topological
groups. Therefore, considering that f → f−1 is a category preserving map on
L0(µ,T), Theorem 3.3 can be applied to
t∏
i=1
L0(
µ
µ(Ui)
,T)×
t′−w∏
j=1
L0(
µ
µ(Vlj )
,T) ∼= L0(µ,T)t+t
′−w.
to obtain (3.1). By Lemma 3.2, there exists A ⊆ X with µ(A) = 0 such that for all
(x,y) ∈ C where xi, yj ∈ X \A for every 1 ≤ i ≤ t, 1 ≤ j ≤ t
′,
fκ(x1, . . . , xt) = f
κ′(y1, . . . , yt′)⇒ (y1, . . . , yt′) = r(x1, . . . , xt). 
Here, we should mention that with a similar argument we get the following
generalization of Theorem 3.8 for perfect topological groups.
Theorem 3.9. Let µ be a non-atomic Borel probability measure on a standard Borel
space X and G be a perfect topological group. Let κ = (u1, . . . , ut), κ
′ = (v1, . . . , vt′)
be tuples in Z \ {0} and
R = {r ∈ St : (v1, . . . , vt′) = r(u1, . . . , ut)}.
Then, for comeagerly many f ∈ L0(µ,G), fκ and fκ
′
are almost R-disjoint.
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4. DL-condition
Generic behavior of a measure preserving transformation is of interest in Ergodic
Theory. For instance, the following papers are devoted to study generic behavior of
a measure preserving transformation: Del Junco–Leman´czyk [3], Glasner–Weiss [4],
King [8]. Of particular interest is characterization of 〈T 〉 for a generic T ∈ L0(µ,T).
More precisely, does there exists a topological group G such that 〈T 〉 is isomorphic
to G for a generic T ∈ L0(µ,T). The following question is due to Glasner and
Weiss.
Question 1 (Glasner–Weiss). Let µ be a non-atomic Borel probability measure on
X. Is it true that for a generic T ∈ Aut(µ)
〈T 〉 ∼= L0(µ,T)?
Del Junco and Leman´czyk [3] proved a generic property of measure preserving
transformations. They showed that for a generic T ∈ Aut(µ), maximal spectral
types of powers of T satisfy certain orthogonality conditions.
Theorem 4.1 (Del Junco–Leman´czyk). There is a dense Gδ subset G ⊆ Aut(µ)
such that, for each T ∈ G and k(1), k(2), . . . , k(l) ∈ Z+, k′(1), k′(2), . . . , k′(l′) ∈ Z+,
the convolutions
σTk(1) ∗ · · · ∗ σTk(l) and σTk′(1) ∗ · · · ∗ σTk′(l′)
are mutually singular, provided that there does not exist r ∈ Sl such that
(k′(1), k′(2), . . . , k′(l′)) = r(k(1), k(2), . . . , k(l)).
Assuming the answer to Question 1 is positive, for a generic T ∈ Aut(µ), we can
define a continuous unitary representation of L0(µ,T) by
Ψ : L0(µ,T) ∼= 〈T 〉 →֒ Aut(µ) ⊆ U(L2(X,µ)).
Note that Aut(µ) can be viewed as a closed subset of U(L2(X,µ)) by identifying
T ∈ Aut(µ) with UT ∈ U(H) where
UT (f) = f ◦ T
−1.
Hence, the orthogonality conditions from Theorem 4.1 motivates the following or-
thogonality conditions for a continuous unitary representation of L0(µ,T).
Definition 4.2. Fix a non-atomic Borel probability measure µ on a standard Borel
space X . We say that a continuous unitary representation of L0(µ,T),
Φ : L0(µ,T)→ U(H)
satisfies the DL-condition if there is a dense Gδ subset G ⊆ L
0(µ,T) such that,
for each f ∈ G and k(1), k(2), . . . , k(l) ∈ Z+, k′(1), k′(2), . . . , k′(l′) ∈ Z+, the
convolutions
σΦ(f)k(1) ∗ · · · ∗ σΦ(f)k(l) and σΦ(f)k′(1) ∗ · · · ∗ σΦ(f)k′(l′)
are mutually singular, provided that there does not exist r ∈ Sl such that
(k′(1), k′(2), . . . , k′(l′)) = r(k(1), k(2), . . . , k(l)).
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Solecki [12] showed that a continuous unitary representation of L0(µ,T) can be
written as a direct sum of unitary representations of L0(µ,T) of the following form:
Assume that we are given a sequence κ = (k(1), k(2), . . . , k(n)) of elements of Z\{0}
with
k(1) ≤ k(2) ≤ · · · ≤ k(n).
Assume we have a finite Borel measure λ on Xn whose marginal measures are
absolutely continuous with respect to µ, that is, for i ≤ n
(4.1) (πi)∗(λ)≪ µ
where πi is the projection on the i−th coordinate. With this set of data we associate
the following representation of L0(µ,T) on L2(λ,C)
L0(µ,T) ∋ f → Uf ∈ U(L
2(λ,C))
where for h ∈ L2(λ,C)
Uf(h) = (
∏
i≤n
(f ◦ πi)
k(i))h.
This representation is denoted by σ(κ, λ). Furthermore, we consider the following
additional condition on a finite measure λ as above, for 1 ≤ i < j ≤ n
(4.2) λ({(x1, x2, . . . , xn) ∈ X
n : xi = xj}) = 0.
Let S be the set of all sequences κ = (k(1), k(2), . . . , k(n)) of elements of Z \ {0}
such that k(1) ≤ k(2) ≤ · · · ≤ k(n). The natural number n is called the length of
κ and we denote it by |κ|.
Theorem 4.3 (Solecki). Let Φ be a continuous unitary representation of L0(µ,T)
on a separable complex Hilbert space H. Consider H0, the orthogonal complement
of
{v ∈ H : ∀f ∈ L0(µ,T) Φ(f)(v) = v}.
For κ ∈ S and i ∈ N there exist finite Borel measures λiκ on X
|κ| with properties
4.1, 4.2, and
(4.3) λjκ ≪ λ
i
κ for i < j
such that the representation Φ restricted to H0 is the direct sum of the representa-
tions σ(κ, λiκ) with κ ∈ S and i ∈ N.
Furthermore, these measures, λiκ, can be chosen such that if κ = (k(1), . . . , k(n)),
m ∈ N, and 1 ≤ i < j ≤ n with k(i) = k(j), then
(4.4) λmκ {(x1, x2, . . . , xn) ∈ X
n : xj <X xi} = 0.
Here <X is a linear order on X with the property that the order topology it gener-
ates is compact, second countable and the Borel sets with respect to this topology
coincide with the Borel sets on X . Assuming (4.4), measures λiκ obtained from
Theorem 4.3 are unique up to mutual absolute continuity.
In the following, we show that the DL-condition for a continuous representation
of L0(µ,T) is equivalent to certain orthogonality conditions on the measures, λ1κ.
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Theorem 4.4. Let Φ =
⊕
σ(κ, λiκ) be a continuous unitary representation of
L0(µ,T). Then, Φ satisfies the DL-condition iff we have
(4.5) λ1κ1 × λ
1
κ2
× · · · × λ1κl ⊥ r(λ
1
κ′1
× λ1κ′2 × · · · × λ
1
κ′
l′
)
for every (κ1, κ2, . . . , κl), (κ
′
1, κ
′
2, . . . , κ
′
l′), and r ∈ St such that
k(1)κ1 + k(2)κ2 + · · ·+ k(l)κl = r
(
k′(1)κ′1 + k
′(2)κ′2 + · · ·+ k
′(l′)κ′l′
)
for some non-zero integer numbers (k(1), k(2), . . . , k(l)) and (k′(1), k′(2), . . . , k′(l′)),
provided that there does not exist s ∈ Sl such that
(k′(1), k′(2), . . . , k′(l′)) = s(k(1), k(2), . . . , k(l)).
5. Proof of Theorem 4.4
We prove the theorem under the assumption that for every κ at most one of the
measures λiκ is non-zero, that is, only λκ = λ
1
κ can be non-zero. Then, we show
that the general statement follows consequently.
Assume that Φ =
⊕
σ(κ, λκ) satisfies the DL-condition. We will show that
Φ satisfies (4.5). Let (κ1, κ2, . . . , κl), (κ
′
1, κ
′
2, . . . , κ
′
l′), and r ∈ St be such that
(t = |κ1|+ · · ·+ |κl| = |κ′1|+ · · ·+ |κ
′
l′ |)
k(1)κ1 + k(2)κ2 + · · ·+ k(l)κl = r
(
k′(1)κ′1 + k
′(2)κ′2 + · · ·+ k
′(l′)κ′l′
)
for some non-zero integer numbers (k(1), k(2), . . . , k(l)) and (k′(1), k′(2), . . . , k′(l′)),
provided that one is not a rearrangement of the other. For f ∈ L0(µ,T), we define
h, h′ : Xt → T as follows:
h(x1, . . . , xt) = f
k(1)κ1+k(2)κ2+···+k(l)κl(x1, . . . , xt),
h′(x1, . . . , xt) = f
k′(1)κ′1+k
′(2)κ′2+···+k
′(l′)κ′
l′ (x1, . . . , xt).
By the DL-condition, for comeagerly many f ∈ L0(µ,T) we have
σΦ(f)k(1) ∗ · · · ∗ σΦ(f)k(l) ⊥ σΦ(f)k′(1) ∗ · · · ∗ σΦ(f)k′(l′) .
One can show that the maximal spectral type of Φ(f) is equivalent to Σκακµf,κ
where µf,κ is the maximal spectral type of σ(κ, λκ)(f) and 0 < ακ < 1 is chosen so
that Σκακµf,κ is finite. Therefore, for comeagerly many f ∈ L0(µ,T)
(5.1) µf,k(1)κ1 ∗ · · · ∗ µf,k(l)κl ⊥ µf,k′(1)κ′1 ∗ · · · ∗ µf,k′(l′)κ′l′ .
Furthermore, µf,k(1)κ1 ∗ · · · ∗µf,k(l)κl is the push-forward measure of λκ1 ×· · ·×λκl
under h, and µf,k′(1)κ′1 ∗· · ·∗µf,k′(l′)κ′l′ is the push-forward measure of λκ
′
1
×· · ·×λκ′
l′
under h′. Since h = r(h′), equation (5.1) indicates that the push-forward measure
of λκ1 × · · · × λκl and r(λκ′1 × · · · × λκ′l′ ) under the same function, h = r(h
′), are
orthogonal to each other. Hence,
λκ1 × λκ2 × · · · × λκl ⊥ r(λκ′1 × λκ′2 × · · · × λκ′l′ ).
Note that the same argument proves the general case where λiκ is not necessarily
zero for i > 1.
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Now assume Φ satisfies (4.5), we show that Φ also satisfies the DL-condition. By
(4.5),
λκ1 × λκ2 × · · · × λκl ⊥ r(λκ′1 × λκ′2 × · · · × λκ′l′ )
for every (κ1, κ2, . . . , κl), (κ
′
1, κ
′
2, . . . , κ
′
l′), and r ∈ St so that
k(1)κ1 + k(2)κ2 + · · ·+ k(l)κl = r(k
′(1)κ′1 + k
′(2)κ′2 + · · ·+ k
′(l′)κ′l′)
for some non-zero integer numbers (k(1), k(2), . . . , k(l)) and (k′(1), k′(2), . . . , k′(l′)),
provided that one is not a rearrangement of the other. We have
σΦ(f)k(1) ∗ · · · ∗ σΦ(f)k(l) ⊥ σΦ(f)k′(1) ∗ · · · ∗ σΦ(f)k′(l′)
if and only if
µf,k(1)κ1 ∗ · · · ∗ µf,k(l)κl ⊥ µf,k′(1)κ′1 ∗ · · · ∗ µf,k′(l′)κ′l′
for every (κ1, κ2, . . . , κl) and (κ
′
1, κ
′
2, . . . , κ
′
l′).
Fix (κ1, κ2, . . . , κl) and (κ
′
1, κ
′
2, . . . , κ
′
l′). We define h : X
t → T and h′ : Xt
′
→ T
as follows
h(x1, . . . , xt) = f
k(1)κ1+k(2)κ2+···+k(l)κl(x1, . . . , xt),
h′(x1, . . . , xt′ ) = f
k′(1)κ′1+k
′(2)κ′2+···+k
′(l′)κ′
l′ (x1, . . . , xt′)
where
t = |κ1|+ |κ2|+ · · ·+ |κl| ,
t′ = |κ′1|+ |κ
′
2|+ · · ·+ |κ
′
l′ | .
Then, µf,k(1)κ1 ∗ · · · ∗µf,k(l)κl and µf,k′(1)κ′1 ∗ · · · ∗µf,k′(l′)κ′l′ are push-forward mea-
sures of λκ1 × · · · × λκl and λκ′1 × · · · × λκ′l′ under h and h
′, respectively. Assume
there is r0 ∈ St such that (in particular t = t′)
k(1)κ1 + k(2)κ2 + · · ·+ k(l)κl = r0(k
′(1)κ′1 + k
′(2)κ′2 + · · ·+ k
′(l′)κ′l′).
We define
R = {r ∈ St : k(1)κ1 + k(2)κ2 + · · ·+ k(l)κl = r(k(1)κ1 + k(2)κ2 + · · ·+ k(l)κl)}.
Since Φ satisfies (4.5), for every r ∈ R, we have
λκ1 × λκ2 × · · · × λκl ⊥ rr0(λκ′1 × λκ′2 × · · · × λκ′l′ ).
Therefore, we can find F,G ⊆ Xt such that
λκ1 × λκ2 × · · · × λκl(F ) = 1,
rr0(λκ′1 × λκ′2 × · · · × λκ′l′ )(r(G)) = 1 for every r ∈ R,
and F ∩ r(G) = ∅ for every r ∈ R. By Theorem 3.8, for comeagerly many
f ∈ L0(µ,T) the push-forward measures of λκ1 × · · · × λκl and r0(λκ′1 × · · · × λκ′l′ )
under fk(1)κ1+···+k(l)κl are perpendicular to each other since the latter holds for
every f ∈ L0(µ,T) such that fk(1)κ1+···+k(l)κl is almost R-to-one. Therefore,
µf,k(1)κ1 ∗ · · · ∗ µf,k(l)κl ⊥ µf,k′(1)κ′1 ∗ · · · ∗ µf,k′(l′)κ′l′ .
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If there does not exist such r0 ∈ St, by Theorem 3.8, for comeagerly many f ∈ L0(µ,T)
fk(1)κ1+···+k(l)κl ∩ fk
′(1)κ′1+···+k
′(l′)κ′
l′ ≈ ∅
Thus, for comeagerly many f ∈ L0(µ,T) the push-forward measures of λκ1×· · ·×λκl
and λκ′1×· · ·×λκ′l′ under f
k(1)κ1+···+k(l)κl and fk
′(1)κ′1+···+k
′(l′)κ′
l′ , respectively, are
perpendicular to each other. Hence,
(5.2) µf,k(1)κ1 ∗ · · · ∗ µf,k(l)κl ⊥ µf,k′(1)κ′1 ∗ · · · ∗ µf,k′(l′)κ′l′ .
Note that the general case where λiκ is not necessarily zero for i > 1 follows from
(5.2) since for Borel measures
µ1, . . . , µm, ν1, . . . , νn, µ
′
1, . . . , µ
′
m, ν
′
1, . . . , ν
′
n
where µ′i ≪ µi and ν
′
j ≪ νj , for 1 ≤ i ≤ m and 1 ≤ j ≤ n, we have
if µ1 ∗ · · · ∗ µm ⊥ ν1 ∗ · · · ∗ νn, then µ
′
1 ∗ · · · ∗ µ
′
m ⊥ ν
′
1 ∗ · · · ∗ ν
′
n.
6. Generic behavior of a unitary operator
Let H be a separable infinite dimensional Hilbert space and ψ ∈ H be a vector
of length 1. Melleray–Tsankov [9,Theorem 4.4] proved that for a generic u ∈ U(H),
〈u〉 is isomorphic to L0(µu,T), where µu is the spectral measure of the vector ψ
with respect to u. Furthermore, they showed that the representation of L0(µu,T)
obtained by this isomorphism
Φ : L0(µu,T)→ U(H)
is the standard representation by pointwise multiplication, that is, for every f ∈
L0(µu,T) we have
Φ(f)(h) = f · h.
Since for a generic u ∈ U(H), µu is non-atomic [9,Lemma 4.3], we have that
L0(µu,T) ∼= L
0(µ,T).
In the following, we use this result of Melleray–Tsankov [9] and Theorem 4.4 to
show orthogonality conditions for a generic u ∈ U(H) analogous to orthogonality
conditions in Theorem 4.1.
Corollary 6.1. Let H be a separable infinite dimensional Hilbert space. Then, for
a generic u ∈ U(H), the convolutions
σuk(1) ∗ · · · ∗ σuk(l) and σuk′(1) ∗ · · · ∗ σuk′(l′)
are mutually singular, provided that there does not exist r ∈ Sl such that
(k′(1), k′(2), . . . , k′(l′)) = r(k(1), k(2), . . . , k(l)).
We need the following theorem to prove Corollary 6.1.
Theorem 6.2. Let H be a separable infinite dimensional Hilbert space and G be a
subset of U(H) with the Baire property. Then, G is comeager iff G∩〈u〉 is comeager
in 〈u〉 for comeagerly many u ∈ U(H).
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Solecki [11, Lemma 3] proved an analogous statement for G ⊆ Aut(µ) with the
Baire property. Assuming the following two lemmas (Lamma 6.3,6.4), the same
proof can be repeated to prove Theorem 6.2.
Lemma 6.3. Let H be a separable infinite dimensional Hilbert space. We define
fn : U(H)→ U(H)
such that
fn(u) = u
n.
Then, fn is category preserving.
Proof. It is enough to show that if A ⊆ U(H) is dense and open, then f−1n (A) is
dense. Let
W = {u ∈ U(H) : ‖u(Zi)− u0(Zi)‖ < ǫ for every 1 ≤ i ≤ k}
for some u0 ∈ U(H), Zi ∈ H for i = 1, 2, . . . , k, and ǫ > 0. We have to find u˜ ∈ W
such that u˜n ∈ A. Let
H0 = span{Z1, . . . , Zk, u0(Z1), . . . , u0(Zk)}.
By modifying u0 on span{Z1, . . . , Zk}⊥, we may assume that u0(H0) = H0 and
u0 ↾ H
⊥
0 = id. Since u0 ↾ H0 is a unitary operator of H0, it is diagonalizable.
Thus, we can find an orthonormal basis for H0, {h1, . . . , hm}, and eigenvalues
λ1, . . . , λm ∈ T such that
u0(hi) = λihi for i = 1, 2, . . . ,m.
Furthermore, we may assume that {(λni1 , . . . , λ
ni
m )}
∞
i=1 is dense in T
m.
Fix δ > 0 and let l ∈ N be such that
m∑
i=1
‖λnli − λi‖ < δ.
Then, ‖unl0 − u0‖ < δ. Since A is open and dense, there exists u1 ∈ A and a finite
dimensional subspace H1 ⊇ H0 such that u1(H1) = H1 and
‖u1(hi)− u
n
0 (hi)‖ < δ for i = 1, 2, . . . ,m.
By modifying u1 on H
⊥
1 , we may assume that there exists an orthonormal basis for
H , {h′i}
∞
i=1, and eigenvalues, {λ
′
i}
∞
i=1, such that for every i ∈ N
u1(h
′
i) = λ
′
ih
′
i.
Note that since u1 ↾ H1 is a unitary operator of H1, it is possible to find such basis
for H . Moreover, by changing the order of {h′i}
∞
i=1 and further modifying u1 on
H⊥1 , we may assume that H0 ⊆ span{h
′
1, . . . , h
′
nm} and for every i ∈ N
λ′ni−n+1 = · · · = λ
′
ni.
We define u˜ ∈ U(H) such that
u˜(h′an+b) =
{
ul1(h
′
an+b+1) if 1 ≤ b ≤ n− 1
u
1−(n−1)l
1 (h
′
an+1) if b = n
.
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Then, u˜n = u1. Moreover, if δ is small enough, then for every i = 1, 2, . . . , k
‖ul1(Zi)− u0(Zi)‖ < ǫ and ‖u
1−(n−1)l
1 (Zi)− u0(Zi)‖ < ǫ.
Thus, for every i = 1, 2, . . . , k
‖u˜(Zi)− u0(Zi)‖ < ǫ,
that is, u˜ ∈W . 
Lemma 6.4. Let H be a separable infinite dimensional Hilbert space. Then, the
set of all u ∈ U(H) with
{vuv−1 : v ∈ U(H)} dense
is dense.
We encourage the reader to review [10, Proposition 8.23] for a proof of Lemma
6.4.
Proof of Corollary 6.1. By [9,Theorem 4.4], for a generic u ∈ U(H), the represen-
tation of L0(µ,T) obtained by 〈u〉 ∼= L0(µ,T) is equal to σ(1, µu), that is, the
representation has only one non-zero measure, namely, λ11 = µu. Therefore, by
Theorem 4.4, the representation satisfies the DL–condition. Thus, for a generic
u ∈ U(H), for a generic v ∈ 〈u〉, we have: for every k(1), k(2), . . . , k(l) ∈ Z+,
k′(1), k′(2), . . . , k′(l′) ∈ Z+, the convolutions
σvk(1) ∗ · · · ∗ σvk(l) and σvk′(1) ∗ · · · ∗ σvk′(l′)
are mutually singular, provided that there does not exist r ∈ Sl such that
(k′(1), k′(2), . . . , k′(l′)) = r(k(1), k(2), . . . , k(l)).
Fix k(1), k(2), . . . , k(l) ∈ Z+, k′(1), k′(2), . . . , k′(l′) ∈ Z+, where there does not
exist r ∈ Sl such that
(k′(1), k′(2), . . . , k′(l′)) = r(k(1), k(2), . . . , k(l)).
Let
G = {u ∈ U(H) : σuk(1) ∗ · · · ∗ σuk(l) ⊥ σuk′(1) ∗ · · · ∗ σuk′(l′)}.
Since G has the Baire property, by Theorem 6.2, G is a comeager subset of U(H).

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